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Abstract—A generalized theory is presented for a thermoelastic dipolar body which has previously

received a large deformation and is at nonuniform temperature. A generalized linear theory of
dipolar thermoelasticity with initial stress and initial heat flux has been derived.

NOMENCLATURE
E s, E 5, E px the strain tensors
S external body force per unit mass
x dipolar body force per unit mass
O« the heat flux across surfaces that were originally coordinate planes perpendicular to the X axes,
measured per unit area of these planes, per unit time
s the heat supply per unit mass and time
Skigs S the generalized stress tensors
T absolute temperature
Txi first Piola—Kirchhoff stress tensor (T, # Tix)
Yxo the inertia coefficients
Gibbs free energy per unit of initial volume
Po initial mass deusity
S4n Kronecker delta
n the entropy per unit mass.

1. INTRODUCTION

During the past two decades, many papers have been devoted to the generalized theory of
thermoelasticity, which avoid the paradox of propagation of heat with infinite speed. Some
of the papers worth mentioning are by Lord and Shulman (1967), Kaliski and Nowacki
(1970), Green and Lindsay (1972), Boschi and Iesan (1973), Dost and Tabarrok (1978),
Sherief and Dhaliwal (1980), Smirnov (1981), Lebon (1982), and Chandrasekharaiah
(1986). This paradox is produced by the diffusion type equation governing the temperature
field in the classical theories.

The purpose of the present paper is to establish a generalized theory for a thermoelastic
dipolar body which has been prestressed. The coupled theory for a dipolar prestressed
thermoelastic body has been obtained by Iesan (1981).

In Section 2, we modify the nonlinear constitutive equations of dipolar thermoelastic
bodies developed by Green and Rivlin (1964), which provide a foundation for our later
work. In Section 3, we derive the generalized thermoelastic equations for a dipolar body
which has previously received large deformation and is at nonuniform temperature. These
results are then used, in Section 4, to derive the basic equations for a special case concerning
small thermoelastic deformations in a dipolar body which is under initial stress and initial
heat flux.

2. NONLINEAR FORMULAE

Consider a thermoelastic dipolar body, whose configuration changes continuously
under external mechanical actions and heating, from an original reference state Q, to a
deformed state Q. Let 8, and dQ be the surfaces of Q, and , respectively. X, will denote
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the position of the particle X in the reference state, and x, the position in the deformed
state, where x; = x, (X, X,, X3, ) and ¢ is time.

In the theory of dipolar thermoelastic bodies developed by Green and Rivlin (1964),
the deformation is described by the displacement x, = x, (X, X,, X3, f) and dipolar dis-
placement x4 = x;4(X, X2, X3, £). Let X, be the value of x,, in the reference state and
X34 = 643 Xis. We assume that x, and x,, are sufficiently smooth, and that

J = det (ax,/aXA) > 0 and det (xkA) # 0

In the material description, the basic nonlinear equations in dipolar thermoelasticity
take the form:

TKk,K+po.ﬁc = pox'k’ (l)
Suikt — X aSax + Po fix = Po Y uxXimt, 9))]
PoThi = pos— Q4 4 3)

in Q, x [0, ¢,), where ¢, is some time instant that may be infinite.
The constitutive variables are E,, E 4.5, E4.5x, T and T , with the geometrical equations

2E,p = X;.4Xi3— 043 4
Esp = X pXia— X34, (5)
Eypk = XipXiax — Xpax (6
and the constitutive equations are
Pup = X,4i(Tsi— Spcxic— TxpcXick) = Ppa = O¥[0E 43, Q)
Tiap = X448z = O¥[0Ep4, ®
Sap = O¥[0Ep4, ®
n=— l6‘1’/6T, OP/0T x = 0. (10)

o

A superposed dot stands for the material time derivative while a comma followed by a
subscript denotes partial derivatives with respect to the spatial coordinates, in the deformed
configuration if the subscript is a minuscule, in the reference configuration if the subscript
is a majuscule; that is, g 4 = 09/0X, and g, = 0g/dx,. Einstein summation on repeated
indices is also used throughout this paper.

We assume that ¥, Ty, 1, O are written as symmetric functions of E; in the indices
Kand L, and Ey; is understood to mean (Ex, + E;x)/2 in 0W/[0Ek;.

We assume that the heat flux Qy satisfies a first order rate equation of the form [see
Chandrasekharaiah (1986) and Miller (1967)] :

QK = gK(EAB’ EA:Ea EA:BLa T, T,Ls QK)> (1 1)

with dQx/0Q, = 0 if K # L. Since it is required that Q vanishes at equilibrium, i.e. for
T, = 0, we must also have that
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gK(EAB’ EA:B’ EA:BL) T9 Os O) = 0 (12)

3. SMALL DEFORMATION SUPERPOSED ON A LARGE DEFORMATION

In this section, we consider three states of the body, the initial state Q,, the first
deformed state Q, and the final deformed state Q* corresponding respectively to temperature
T, and zero displacement ; temperature T and displacement v; and temperature 7* and
displacement v+ u. Following Iesan (1981), we call Q the primary state and Q* the secondary
state. Thermodynamic quantities and forces associated with Q* will be denoted with an
asterisk. The position coordinates of the particle X, at time ¢ in Q* will be denoted by
Yi=yiX1, X3, X3, 0) and yyy = yi (X, X3, X3, 1) with

J* =det(y,4) >0 and det(yy) #0.

We shall define the incremental displacement u;, incremental dipolar displacement u;,
and incremental temperature 0, respectively, as

U= Yi—Xi, Uy =Yia—Xyy, 0=T*-=T. (13)

Here we consider the case in which u;, u;, and 8 are small. Suppose that there exists a
real parameter ¢, small enough for its squares and higher powers to be neglected, such that

;= eu;, Uy =¢euy, 0=c¢b, (14)

where u;, u;, and 8’ are independent of .
In the secondary state Q*, the basic equations are of the same form as those in the
primary state . We have the equations of motion

Thxtpof¥= poi (15)
Suixm ~XiaSax+ Pofix = Po YyxXings (16)
the energy equation
PoT*i* = pos*— Q% 4, (17
the geometrical equations
2E%5 = YiaYip—04p (18)
E%s = YisVia—Xpa, 19)
E%px = YVinVisk— Xpax (20)
and the constitutive equations are
P35 = ‘g (T3i=Stcyic—Thaciex) = Phy = 0¥*0E%s, @D
Tha = 54 Sta = OW4/2ESer, @)

S::B = a‘Y*/aEE:A’ (23)
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1
1% =~ ¥H[OT*, SWHOTH =0, @9

Q?(XKS !) = gK(E:Bs E}:B: ::8!,3 T*, Tf{,, Q;) (25)

Now we shall derive the equations satisfied by u;, u;, and 0. Keeping (14) in mind, we
get the following second order approximation :

W(EYs, E%p, Edpx, T*)—Y(Eun, Esn Esni, T)
= ab+cp(E%p — Eqp)+cun(E%s—Esp) +Canx(E%px— E4.5¢)
—3d0% — B30(E%p — E15) —~ B4.s0(E%:5 — E 4.5) — B.skO(E S.5x — E )
+3D 4scp(E%s— Eqs)(E¥p — Ec:p) + 3D spepx (E¥p— E45)(E¥.px — Ec.px)
+3G ascox(Edn— Es)(E&.x— Ecpx) +3Cuasco(EXs— E4s)(E¥p— Ecp)
+3Cusco(E%s—Ers)(Etp—Ecp)
+3Canxrmn(E %ox — E4.5) (EYun — ELan)s (26)

where Bz, Cipcp, Clpcp and Cgi 4y have certain symmetries in their indices, and that
a=0¥/0T = —pon, cup=0¥/0E; =Py, 27
Cap = OV/OE 5 = Spas Cupx = OV[OE 55 = Tkpa- (28)
From eqns (21)~(24), (26)—(28), we find that

PjB = PAB - BABe+DABCD(Eg“:D _EC:D) +DABCDK(E2“:DK - EC:DK) + CABCD(E’CED - ECD)!
(29

S%i = Spa— B30+ Dyaco(Etp—Ecp) + Guscox(Epk— Ec.ox) + Clpcp(Edp— Ec.p),
(30)

T¥p4 = Txpa— Bapx0+ Depasx(E¥p — Ecp)
+Gepapx(Et.p—Ecp) + Caprimn(Efun—Epun), (31)

Pt = po+d0+ B p(E¥%p—E p) + Bys(E% 5 — Eg5) + Baax(Edisx— Egnx).  (32)

Also, from eqns (11) and (25), we have

08—0x = — (@200 +axd+ ka0, +hes(Eliy— Eu)
+ Wi (ESen — Evin) + Bxsans (Efne — Enens) ). (33)
From eqn (12), we find that
ax =0, hgun =0, hkun =0, hgyne =0, if T = constant. (34
From eqns (4)-(6) and (18)—(20), and the relations
YVia = XiatUias Viag = Xia3tUiap (35)

we find that
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2E%g = 2E 3+ X; aUin+ Xi 8% 4>
E¥%p = E p+XaUh 5+ X, 545

%* _—
E%pc = Egpct+Xigclhiz+Xislhisco
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(36)

(37)

(38)

where we have used the fact that ;s and u,,s are small and hence the terms like #; 44, 5 have

been neglected. Let
eap = 3(Xi4thi g+ Xi5U4)5
Vap = Xiqlig+Xiglias
Vapc = Xia,cUip+ Xi sUiacs
then we have
E%p = Ep+eus,
E%p=E 5+Van,
E%.c = Eqc+Vasc.
Substituting from eqns (42)—(44) into eqns (29)-(33), we find that
Pis = Py+J4,
834 = Spa+JI50
T4 = Txsa+J 50k

po* = pon+J9,

Ox—0«+ T(Q - QK) = —axl—ki, 0, —hxunern —PxunVin —AxmncVunes
where
J$} = — B4s0+ Dypcovep +DascoxVepx + Cuscpecns
J§ = — B g0+ D pcpecp+ GascoxVepx + CluncoVens
J§k = = Basx0+Depasxecn+GepanxVen + CapkimnVimns

J = d0+ Bype,p+ BasVan+ BusxVask:
From eqns (7), (8), (21), (22) and (45)-(47), we get
Th = T+ uaPap+uicSpc+thick Tknc + X (3 + XicT 52+ Xic.x T Sk
Sks = Skin+tiaTrap+ X4l 5hx.

If we denote

(39)
(40)

(D)

(42)
(43)

(44)

(45)
(46)
7)
(48)

(49)

(50)
(51
(52)

(53)

(54

(55)
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I - Ok -
g =T85—Tp, Nup=Si—Sis, Myy= SEerr — Skims

Oy = Q%—Qx, 7v=n%—n,
then we have

Mg = ;4 Pyp+tuicSpe+tick Txne + %40 43+ Xic 5 + Xic I Gl (56)
Ny =JEh (57)

Myip = t4 Tias+ %47 ik (58)

poy =J9, (59)

O +1dg = —axd—ker0 1 —hxanern — RunVan —HunsYsane- (60)

Subtracting eqns (1), (2) and (3) from eqns (15), (16) and (17), respectively, we find
the incremental equations to be

Tgik + Poi = potl, (61)
Mk —Xi 4N ak+ poFix = po Y yxtiing, (62)
PaTj+pob = — Py x+ oS, (63)
where
Fi=ffi, Fx=/Sk—fx and S§=s*-s. (64

4. LINEAR GENERALIZED THEORY OF PRESTRESSED DIPOLAR THERMOELASTICITY

In this section, we consider the special case when the primary state Q of the body is
identical with that of the initial body £, so that x, = X, x, = X, x, = X3, and we suppose
that Q, is subjected to an initial stress and an initial heat flux caused by the nonuniform
initial temperature T,. Due to the action of external loadings and heat sources, the body
Q, undergoes a deformation. There arise displacements u; = ey}, u;x = eujs, and temperature
acquires an increment § = £0’. Here we systematically neglect all powers of ¢ above the first,
except in the free energy function W where we retain quadratic terms in &.

The work of previous section can be applied immediately to this special case and yields
a generalized linear thermoelasticity theory in the presence of initial stress and heat flux. In
this case, we have

Xiu=0y, J=1, T=T, 1=0,
EAB = 07 EA:B = 03 EA:BK =0.

Obviously, all coefficients defined in the previous section are now evaluated at Ex;, = 0,
E,z=0, E 3x=0,and T = T,. From eqns (39)-(41), we find that

esp = Mgz +upa), (65)
Vap = Uyp+ Xcatic s, (66)
Vape = Xgaclixg+Usac (67)

The governing equations (61)—(63) become
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Tgax+PoFs = Poliy, (68)
Myax s —Nax+PoFax = Po Y rxtiam, (69)
Po To}} = _(I)K,K+poS' (70)

The constitutive relations (56)-(60) reduce to

ok = g 4Pap+uxeSsc+uxenTvac +JI Kb+ XxcJ 5+ Xxend Ehns 7
Npa=J %2/21 (72)

Mg = iy aTxas+JI 50k (73)

poy =J?, (74)

g +1dy = —axb— kxi 81— hxynepn —PsnViun — PxmneVune- (75)

The functions Pz, Sz and Tyye characterize the initial stress and they can be arbitrary
functions apart from satisfying the energy equation for the static case and the condition
that Q, is in equilibrium. The presence of the initial heat flux vector is determined by the
nonuniformity of the initial temperature T,. This fact implies the appearance of the
coefficients ay, Axuyn, Axuy and hgyy, in the expression for ®,. If T, is constant, then
Q4=0,ax=0, hxyn = 0, hixpy = 0 and Agyy, = 0.

Substituting from eqns (74) and (75) into the heat conduction equation (70), we find
that

é ; . .
T, (1 +1 5)(&; +Bpép+ BypVap+ BapxVapg)

0
= (a0 +ki0 1+ hepnenn +RmnVarn +PrsnsVane) x + Po (1 +1 ”a';)Sa (76)

which may be a hyperbolic equation if the coefficients have proper signs. As a conseguence,
heat will propagate at a finite speed and the paradox of infinite speed is thus circumvented.
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